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Introduction
The Martingale test is used in the validation of risk-neutral scenar-
ios. The test checks that, for a set of cash flows, the discounted 
value is equal to 1.0. For a set of cash flows, the Initial Price = 
E(ΣCash FlowT * DiscountT). If we consider a strategy that buys 
and holds $1 of a specific investment for N years, then our Cash 
FlowN = 1 + Cumulative ReturnN for that investment, which leads 
to 1 = E((1 + Cumulative ReturnN) * DiscountN). Thus, the average 
result of a Martingale test should be around 1.0. For this reason, 
the Martingale test is sometimes referred to as a “1 = 1” test.

Each quarter, Conning publishes a risk-neutral validation package 
to accompany the updated risk-neutral calibrations. The report 
includes a Martingale test for each of the standard asset classes. 
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Figure 1: Martingale Test Result
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Interpreting the Results
As mentioned previously, we expect to see the average discounted 
value around 1.0. In addition to the average, the graph also dis-
plays the upper and lower 5th percentiles for a 95% confidence 
interval. It is important to use a confidence interval that consid-
ers sampling error. Our confidence interval is calculated from the 
Standard Error (SE) of the test measure, which is:

Figure 2: Martingale Test Result with Violations
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The upper and lower 2.5% is +/- 1.96 standard errors from the 
mean.

We expect that 95% of the time, our observed mean should be 
within this range of the target value of 1.0. If our observed mean 
is more than +/- 1.96 standard errors from the target of 1.0, we 
can consider these “violations.” An occasional violation is not a 
cause for concern; however, a series of consecutive violations 
warrants further analysis.

Figure 2 shows an example of a Martingale test with violations. 
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Looking at the numbers, we see that the upper 2.5 percentile is 
less than 1.0 in 2 of the 50 simulated years. The more frequently 
we test, the more chances there are to observe a violation. Hence, 
it is the proportion of violations that is relevant, not the absolute 
number. Since we expect 5% of the results to plot outside of our 
range, and only 2/50 or 4.0% actually plot outside the range, we 
can feel comfortable accepting the results.

Risk-Neutral Faster Convergence
Turning on the Risk-Neutral Faster Convergence feature in the 
GEMS® Economic Scenario Generator (“GEMS®”) for both Trea-
sury and Common Stock models can help a simulation pass the 
Martingale test by adjusting the random numbers within each 
of the simulation blocks. It is important to note that using this 
feature means that the random numbers may not align scenar-
io-by-scenario from one simulation to the next. Thus, for applica-
tions where scenario consistency is important, this feature may 
not be desirable.

Summary
The Martingale test is a key part of validating risk-neutral sce-
narios. GEMS® can produce a Martingale report which runs 
Martingale tests on a set of selected asset classes. In addition 
to displaying the expected value, the report displays the 95% 
confidence interval to aid in interpreting the results. Using the 
risk-neutral convergence settings in GEMS® can aid in passing 
the Martingale test.
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